Torsion

Torsional Deformations

Problem 3.2-1 A copper rod of length L = 18.0 in. is to be twisted l d

by torques T (see figure) until the angle of rotation between the ends T | E T

of the rod is 3.0°.
If the allowable shear strain in the copper is 0.0006 rad, what is ‘ i ‘
the maximum permissible diameter of the rod? \ L \
Solution 3.2-1 Copper rod in torsion
d
T l T
| . |
L =18.0in. From Eq. (3-3):
ko r¢ _dd
=3.0°=(3.0){ —=|rad —-r _
¢ ( )<180> o Y
= 0.05236 rad i = 2LY 10w (2)(18.0in.)(0.0006 rad)
Yiow = 0-0006 rad " ¢ 0.05236 rad
Findd_ dpax = 0413 in. «—
Problem 3.2-2 A plastic bar of diameter d = 50 mm is to be twisted by
torques T (see figure) until the angle of rotation between the ends of the
bar is 5.0°.
If the allowable shear strain in the plastic is 0.012 rad, what is the
minimum permissible length of the bar?
Solution 3.2-2 Plastic bar in torsion
d =50 mm id
- T T
¢ =50°= (5'0)<@> rad = 0.08727 rad *—T 9—>>
| . |
Yattow = 0.012 rad | |
do (50 mm)(0.08727 rad)
H Lmin = =
Find L. 2Y allow (2)(0.012 rad)
r¢ _do Ly, = 182 mm «—

From Eq. (3-3): Vpax = 7 =L
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Problem 3.2-3 A circular aluminum tube subjected to pure torsion T -
by torques T (see figure) has an outer radius r, equal to twice the inner 4(_61 ********************************** R 9_),

radius r,. ‘

(a) If the maximum shear strain in the tube is measured as ‘
400 X 107° rad, what is the shear strain v, at the inner

surface?

(b) If the maximum allowable rate of twist is 0.15 degrees &
per foot and the maximum shear strain is to be kept at
400 X 1079 rad by adjusting the torque 7, what is the

minimum required outer radius (r,) . ? Problems 3.2-3, 3.2-4, and 3.2-5

Solution 3.2-3 Circular aluminum tube
ry, = 2r (b) MINIMUM OUTER RADIUS

Yo = 400 X 107 rad @/ From Eq. (3-5a):

Hallow = 015°/ft

d 1 ft
- (0.15°/ft)<i r )(— ,—)
180 degree/\ 12 in.

ymaxererZQ

) Vinax 400 X 10~ ° rad
V2 _—— =
2N ow 218.2 X 1076 rad/in.

_ =6 rad/i
=218.2 X 107" rad/in. (7)) min = 1.83 in. «—

(a) SHEAR STRAIN AT INNER SURFACE
From Eq. (3-5b):

1 1 _
VI=5 N = 5(400 X 107° rad)

v, =200 X 10" °rad «—

Problem 3.2-4 A circular steel tube of length L = 0.90 m is loaded in
torsion by torques 7T (see figure).

(a) If the inner radius of the tube is r;, = 40 mm and the measured
angle of twist between the ends is 0.5°, what is the shear strain
7, (in radians) at the inner surface?

(b) If the maximum allowable shear strain is 0.0005 rad and the angle
of twist is to be kept at 0.5° by adjusting the torque 7, what is the
maximum permissible outer radius (r,), . 7



Solution 3.2-4 Circular steel tube

2
L=090m
r, = 40 mm
d
b=05= (o.5°)<l r )
180 degree

= 0.008727 rad
Ymax = 0.0005 rad

(a) SHEAR STRAIN AT INNER SURFACE

From Eq. (3-5b):

¢ (40 mm)(0.008727 rad)

Yminzylzrlz_ 900 mm

v, =388 X 10 %rad «—
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(b) MAXIMUM OUTER RADIUS
From Eq. (3-5a):

S Ymal
Y max Y2 2 La 2 ¢

.~ (00005 12d) (900 mm)
"2)mas =0 008727 rad

(7)) max = 51.6 mm <—
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Problem 3.2-5 Solve the preceding problem if the length L = 50 in.,
the inner radius »; = 1.5 in., the angle of twist is 0.6°, and the allowable

shear strain is 0.0004 rad.

Solution 3.2-5 Circular steel tube

2
L = 50in.
r; = 1.51n.
d
b =06 = (o.6°)<l ra )
180 degree

=0.010472 rad
Ymax = 0.0004 rad

(a) SHEAR STRAIN AT INNER SURFACE
From Eq. (3-5b):
¢ (1.5in.)(0.010472 rad)

Ymin:%:”lz— 50 in.

v, =314 X 10 ®rad «—

(b) MAXIMUM OUTER RADIUS
From Eq. (3-5a):

I, £
Y max Y2 2Lv 2 ¢

.~ (00004 rad)(S0 in,)
"2)max =0 010472 rad

() e = 1.91 in. <—
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Circular Bars and Tubes

Problem 3.3-1 A prospector uses a hand-powered winch
(see figure) to raise a bucket of ore in his mine shaft. The axle
of the winch is a steel rod of diameter d = 0.625 in. Also, the
distance from the center of the axle to the center of the lifting
rope is b = 4.0 in.

If the weight of the loaded bucket is W = 100 b,
what is the maximum shear stress in the axle due to torsion?

Solution 3.3-1 Hand-powered winch

Axle d = 0.625 in.
b =40in.
W =100 1b

Torque T applied to the axle:
T = Wb = 400 lb-in.

MAXIMUM SHEAR STRESS IN THE AXLE

From Eq. (3-12):

T

Tmax

max

_ 167
wd?

_ (16)(400 Ib-in)

max

m(0.625in.)*
= 8,340 psi «—

Problem 3.3-2 When drilling a hole in a table leg, a furniture maker

uses a hand-operated drill (see figure) with a bit of diameter d = 4.0 mm.

(a) If the resisting torque supplied by the table leg is equal to 0.3 N-m,

what is the maximum shear stress in the drill bit?

(b) If the shear modulus of elasticity of the steel is G = 75 GPa, what

is the rate of twist of the drill bit (degrees per meter)?




Solution 3.3-2 Torsion of a drill bit

id

T T
P
— T S
d=40mm T=03N-'m G =75GPa
MAXIMUM SHEAR STRESS
From Eq. (3-12):
16T
Tmax — _ 13
d
_ 16(0.3N-m)
Tmax = (4.0 mm)

T = 23.8 MPa <—

max
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RATE OF TWIST

From Eq. (3-14):

T

g=—
GI,

03N-'m

0
(75 GPa)(S%)m.o mm)*

6 =0.1592 rad/m= 9.12°%m <—

Problem 3.3-3 While removing a wheel to change a tire, a
driver applies forces P = 25 1b at the ends of two of the arms
of a lug wrench (see figure). The wrench is made of steel with
shear modulus of elasticity G = 11.4 X 10° psi. Each arm of the
wrench is 9.0 in. long and has a solid circular cross section of
diameter d = 0.5 in.

(a) Determine the maximum shear stress in the arm that is
turning the lug nut (arm A).

(b) Determine the angle of twist (in degrees) of this same
arm.

Solution 3.3-3 Lug wrench

(a) MAXIMUM SHEAR STRESS

P=251b
*P From Eq. (3-12):
L=9.0in.
= ord = 16T  (16)(450 lb-in.)
= i Tmax = _ 13 ~e:. <3
— .t 4505 7d® (0.5 in.)°
= 6 Hsi
G = 11.4 X 10° psi . = 18,300 psi
A
T = torque acting on arm A (b) ANGLE OF TWIST
Arm A F Eq. (3-15):
T T=P(2L) = 2(25 1b)(9.0 in.) rom Eq. (3-15)
T TL 450 1b-in.) (9.0 in.
= 450 Ib-in. p=L__ in.)©.0 in.)
Gl

(11.4 X 10° psi)(%)(O.S in.)*

¢ = 0.05790 rad = 3.32° «—
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Problem 3.3-4 An aluminum bar of solid circular cross section is

twisted by torques T acting at the ends (see figure). The dimensions 4
and shear modulus of elasticity are as follows: L = 1.2 m, T l
d = 30 mm, and G = 28 GPa. o /\

(a) Determine the torsional stiffness of the bar.

(b) If the angle of twist of the bar is 4°, what is the maximum \ L
shear stress? What is the maximum shear strain (in radians)?

d 1)
ro | . From Eq. (3-11):
X ) > _B_E_<G’P¢><i>
| i | T = "o UL N,
L
Tmax =
L=12m d = 30 mm 2L
G = 28 GPa b=4° _ (28 GPa) (30 mm)(0.069813 rad)
2(1.2 m)
(a) TORSIONAL STIFFNESS = 24.43 MPa
b Gl _ Gmd* (28 GPa)(m)(30 mm)* 7. =244 MPa «—
L 3L 32(1.2 m)
ky= 1860 N - m MAXIMUM SHEAR STRAIN
Hooke’s Law:
(b) MAXIMUM SHEAR STRESS Toae  24.43 MPa
¢ = 4° = (4°)(/180)rad = 0.069813 rad YT TG T 28 GPa
From Eq. (3-15): Viax = 873 X 107 % rad «—
TL Gl
oo TL Gl
Glp L
Problem 3.3-5 A high-strength steel drill rod used for boring a hole in
the earth has a diameter of 0.5 in. (see figure).The allowable shear stress
in the steel is 40 ksi and the shear modulus of elasticity is 11,600 ksi.
What is the minimum required length of the rod so that one
end of the rod can be twisted 30° with respect to the other end
without exceeding the allowable stress?
d=0.5in.
T | T
<— D —>>




Solution 3.3-5 Steel drill rod
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T 1d T
< C I O P>
\ ! \ From Eq. (3-15): TL  32TL
02 rom Eq. (3-15): p =— =
| L | q Gl,  Gmd*
Gmd* . .
G = 11,600 psi = L ; substitute 7 into Eq. (1):
Tmax — | _ 3 = A7
b =30° = (3o°)<l>rad = 0.52360 rad wd/\ 32L 2L
180 Gdd
. Lon=
7-allow = 40 ksi e 27-allow
MINIMUM LENGTH _ (11,600 ksi) (0.5 in.)(0.52360 rad)
2(40 ksi)
16T

From Eq. (3-12): 7 = e (1) Ly =38.0in. «—
Problem 3.3-6 The steel shaft of a socket wrench has a diameter
of 8.0 mm. and a length of 200 mm (see figure).

If the allowable stress in shear is 60 MPa, what is the

maximum permissible torque 7, = that may be exerted with
the wrench? 8.0 mm

Through what angle ¢ (in degrees) will the shaft twist under

the action of the maximum torque? (Assume G = 78 GPa and

disregard any bending of the shaft.)

d = 8.0 mm L =200 mm
Toatlow = 60 MPa G = 78 GPa

MAXIMUM PERMISSIBLE TORQUE

16T
From Eq. (3-12): Tpux = — 3
wd
Td>T
Tmax =
16
_ (8.0 mm)*(60 MPa)

16

T = 6.03N-m «—

ANGLE OF TWIST

max

From Eq. (3-15): ¢ =

Gl
T Tmax
From Eq. (3-12): T,,,,, =
16
Td Trax\ [ L md’
o=(")a) =%
16 Glp 32

7Td3TmaxL(32) 27 L
16G(md*)  Gd

_2(60 MPa) (200 mm)

(78 GPa) (8.0 mm)

d):

= 0.03846 rad

180
¢ = (0.03846 rad)<7deg/rad> =2.20° <—
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Problem 3.3-7 A circular tube of aluminum is subjected to T

A

torsion by torques 7 applied at the ends (see figure). The bar is <
20 in. long, and the inside and outside diameters are 1.2 in. and
1.6 in., respectively. It is determined by measurement that the
angle of twist is 3.63° when the torque is 5800 1b-in.
Calculate the maximum shear stress 7, in the tube, the
shear modulus of elasticity G, and the maximum shear strain

Vinax (i radians).

Y on

20 in. 1

Solution 3.3-7 Aluminum tube in torsion

L =201in. —5

d, = 12in. d; |d, ¢_£
d, = 1.6in. e Glp
T = 5800 1b-in.

TL

ol
(5800 1b-in.)(20 in.)

SHEAR MODULUS OF ELASTICITY

¢ = 3.63° = 0.063355 rad

Ip = 312(d§ —d) = 0.43982 in.*

MAXIMUM SHEAR STRESS y _ T max
max G
_Tr (5800 Ib-in)(0.8 in.)
Tmax = 0.43982 in.* _ (Z)(
Ymax
Ip

= 10,550 psi «—

Tmax

TL

%>=@

MAXIMUM SHEAR STRAIN

L

N (0.063355 rad)(0.43982 in.*)
G =4.16 X 10° psi «—

(0.8 in.)(0.063355 rad)

max

Yoax = 0.00253 rad «—

20 in.

Problem 3.3-8 A propeller shaft for a small yacht is made of a solid
steel bar 100 mm in diameter. The allowable stress in shear is 50 MPa,
and the allowable rate of twist is 2.0° in 3 meters.

Assuming that the shear modulus of elasticity is G = 80 GPa,
determine the maximum torque 7 that can be applied to the shaft.




Solution 3.3-8 Propeller shaft

d = 100 mm
G = 80 GPa

I
§=2°in3m= 5(2°)<l

7-allow

180

=0.011636 rad/m

MAX. TORQUE BASED UPON SHEAR STRESS
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= 50 MPa

> rad/m

16T WdSTaHOW
T = 73 =
wd 16
(100 mm)*(50 MPa)
16

T,= 9820 N-m «—

—>>

MAX. TORQUE BASED UPON RATE OF TWIST

T d*
0=— T2=GIP0=G<7>0
Gl 32

= (80 GPa)<312>(100 mm)*(0.011636 rad/m)
7,=9140 N -m «—

RATE OF TWIST GOVERNS

Tow = 9140 N - m «—

Problem 3.3-9 Three identical circular disks A, B, and C are welded to
the ends of three identical solid circular bars (see figure). The bars lie

in a common plane and the disks lie in planes perpendicular to the axes
of the bars. The bars are welded at their intersection D to form a rigid
connection. Each bar has diameter d;, = 0.5 in. and each disk has

diameter d, = 3.0 in.

stress 7, in any of the three bars?

Forces P, P,, and P, act on disks A, B, and C, respectively, thus
subjecting the bars to torsion. If P, = 28 Ib, what is the maximum shear
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Solution 3.3-9 Three circular bars

T THE THREE TORQUES MUST BE IN EQUILIBRIUM
T,
o C J
Tl A o
( 45

\ 135° . )
2
90°

T, is the largest torque

T,=T,V2=Pd,\V2

L B
T, MAXIMUM SHEAR STRESS (Eq. 3-12)
d, = diameter of bars T = 16T _ 167; _ 16P V2
wd®  wd; wd;
= 0.51n.
16(28 1b)(3.0 in.) V2 .
d, = diameter of disks Tiax = 3 =4840 psi «—
2 (0.5 in.)
= 3.01in.
P, =281b

T, =Pd, T, = Pd, Ty = Pd,

Problem 3.3-10 The steel axle of a large winch on an ocean liner is

subjected to a torque of 1.5 kN-m (see figure). What is the minimum T

required diameter d_, if the allowable shear stress is 50 MPa and the @
allowable rate of twist is 0.8°/m? (Assume that the shear modulus of T
elasticity is 80 GPa.)

Solution 3.3-10 Axle of a large winch

T 461 T=15kN -m MIN. DIAMETER BASED UPON RATE OF TWIST
T G =80 GPa 0 T 32T gt 32T

r . =50 MPa S Gl Gmd* T GOy,
01100 = 0.8%/m = (0.8°)<l>rad/m d* = 215N - i)
180 7(80 GPa)(0.013963 rad/m)
= 0.013963 rad/m = 0.00001368 m*

MIN. DIAMETER BASED UPON SHEAR STRESS d=00608 m  dp;, = 60.8 mm

_ler 5 _ 16T
 md? a T T allow
_ 16(1.5kN - m)
(50 MPa)

d=005346m d . =53.5mm

T RATE OF TWIST GOVERNS

dpin = 60.8 mm «<—

3 =152.789 X 10" ° m*




Problem 3.3-11 A hollow steel shaft used in a construction auger

has outer diameter d, = 6.0 in. and inner diameter d, = 4.5 in. (see

figure). The steel has shear modulus of elasticity G = 11.0 X 10° psi.
For an applied torque of 150 k-in., determine the following

quantities:

(a) shear stress 7, at the outer surface of the shaft,
(b) shear stress 7, at the inner surface, and
(c) rate of twist 6 (degrees per unit of length).

Also, draw a diagram showing how the shear stresses vary in mag-

nitude along a radial line in the cross section.
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Solution 3.3-11 Construction auger

d, = 60in. r,=30in.
d, =45in. r = 225in.
G = 11 X 10° psi

d T = 150 k-in.

dy

ar .
Ip = (d} = df) = 86.98 in.*

(a) SHEAR STRESS AT OUTER SURFACE
_Tr, (150 k-in.)(3.0 in.)
T, 8698in

=5170 psi <«—

)

(b) SHEAR STRESS AT INNER SURFACE

Try n .
Tn=—=—7,=3880psi <«—
IP r2
(c) RATE OF TWIST
e_i_ (150 k-in.)
GI, (11 X 10° psi)(86.98 in.*)

6 = 157 X 10 ®rad/in. = 0.00898%in. ~ «—

(d) SHEAR STRESS DIAGRAM

5170 psi
3880 psi

C\ T
0 075 15 225 3.0
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Problem 3.3-12 Solve the preceding problem if the shaft has outer
diameter d, = 150 mm and inner diameter d; = 100 mm. Also, the
steel has shear modulus of elasticity G = 75 GPa and the applied
torque is 16 kN-m.

Solution 3.3-12 Construction auger

d, = 150 mm r, =75 mm (b) SHEAR STRESS AT INNER SURFACE
d, = 100 mm r; = 50 mm Tr,  n
Tn=—""=— 1,=20.1MPa <«—
G =75GPa I, n
T=16kN -m dy—|
) (c) RATE OF TWIST
T 0= T 16 kKN - m
IP = 5(61; - di‘) = 39.88 X 106 mm4 G]p (75 GPa)(39.88 X 106 mm4)

0 = 0.005349 rad/m = 0.306°/m  «—

(a) SHEAR STRESS AT OUTER SURFACE
(d) SHEAR STRESS DIAGRAM

_Tr, (16 kN-m)(75 mm)
-5 T 6 4

Ip 39.88 X 10° mm 20.1 MPa 30.1 MPa
>

T

=30.1 MPa <«—

r (mm)

Problem 3.3-13 A vertical pole of solid circular cross section is twisted p
by horizontal forces P = 1100 1b acting at the ends of a horizontal arm ¢ ¢

AB (see figure). The distance from the outside of the pole to the line of y Q i;
action of each force is ¢ = 5.0 in.

If the allowable shear stress in the pole is 4500 psi, what is the
minimum required diameter d . of the pole? d




Solution 3.3-13  Vertical pole
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PQ2c+d)yd 16P(2c+d)
T = =
max wd*/16 md’

)d> — (16P)d — 32Pc = 0

(7TTH13X

d
P=11001b SUBSTITUTE NUMERICAL VALUES:
c =5.0in. UNITS: Pounds, Inches
Toton = 4500 psi (m)(4500)d? — (16)(1100)d — 32(1100)(5.0) = 0
Findd . or
d® — 1.24495d — 12.4495 =0
TORSION FORMULA Solve numerically: d =12.496in.
T = E = Ld dmin - 250 in. <«
max IP 2[P
T=PQ2c+d) I,= md*
¢ Y
Problem 3.3-14 Solve the preceding problem if the horizontal forces
have magnitude P = 5.0 kN, the distance ¢ = 125 mm, and the allowable
shear stress is 30 MPa.
TORSION FORMULA
Tr Td
Tmax = 7 A7
md*
T=PQR2c+d) I,=—
d 32
_ PQc+d)d 16P(2c +d)
Tmax =416 wd’
(WTmaX)d3 — (16P)d — 32Pc =0

\
P=50kN
¢ = 125 mm
Taow — 30 MPa
Findd

Solve numerically:

SUBSTITUTE NUMERICAL VALUES:

UNiTs: Newtons, Meters

(m)(30 X 10%d? — (16)(5000)d — 32(5000)(0.125) = 0
or

d3 — 848.826 X 1070 — 212.207 X 1076 =0

d = 0.06438 m

dpin =644 mm <«
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Problem 3.3-15 A solid brass bar of diameter d = 1.2 in. is

subjected to torques T, as shown in part (a) of the figure. T ld T
The allowable shear stress in the brass is 12 ksi. :L ( : ) ,,1
(a) What is the maximum permissible value of the torques 7',? T
(b) If a hole of diameter 0.6 in. is drilled longitudinally @)
through the bar, as shown in part (b) of the figure, what is d
the maximum permissible value of the torques 7,7 T, i T,
(c) What is the percent decrease in torque and the percent < \'\2::::::::::::::::9—»»
decrease in weight due to the hole? T

Solution 3.3-15 Brass bar in torsion

- (c) PERCENT DECREASE IN TORQUE

(a) SoOLID BAR
d=12in. . T, 7(d3 = d)Tuiow 16 (ﬁ )4
Tal]ow = 12 ksi Tl 16d2 Wd%Tallow dz
- d 1 T
. “t=— 22009375
Find max. torque 7, d, 2 T
_ 16T B TdT 1om % decrease = 6.25%  <—
T
X PERCENT DECREASE IN WEIGHT
(1.2 in.)° (12 ksi)
a 16 Wo_Ay_di—di _<dl>2
2
=4072 Ib-in.  «— W, A d; d,
ad_1 W_3
B (b) BAR WITH A HOLE o 2 W 4
dy dy d,=d=12in. % decrease = 25% <—
d; =0.6in. NortE: The hollow bar weighs 25% less than the solid
- bar with only a 6.25% decrease in strength.
Tr 1d/2 167d,
Tmax = = =

"L H(di—d)  wdi - d)
_ W(dg - d?)Tallow
: 16d,

~ w[(1.2in)* = (0.6 in.)*] (12 ksi)
16(1.2 in.)

T,=3817 Ib-in.  «—
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Problem 3.3-16 A hollow aluminum tube used in a roof structure has
an outside diameter d, = 100 mm and an inside diameter ¢, = 80 mm
(see figure). The tube is 2.5 m long, and the aluminum has shear modulus

G = 28 GPa.
(a) If the tube is twisted in pure torsion by torques acting at the ends,
what is the angle of twist ¢ (in degrees) when the maximum shear
stress is 50 MPa? dj—> d
(b) What diameter d is required for a solid shaft (see figure) to resist the d, ,
same torque with the same maximum stress?
(c) What is the ratio of the weight of the hollow tube to the weight of
the solid shaft?
Solution 3.3-16 Hollow aluminum tube
d, =100 mm FOR THE SOLID SHAFT:
d, =80mm 16T 16 (27mdx>< T >(d4 a4
Tmax — _ 3 A -
L =25m nd®  wd d, )7
_ ds— d}
dj G =28GPa Solve for &% d3 = 2“1
dy d,
Toax — S0 MPa . .
(100 mm)* — (80 mm)
d* = = 590,400 3
(a) ANGLE OF TWIST FOR THE TUBE 100 mm 20, i
_E_LdZ B 2L T d = 83.9 mm
T T T T4,
o7 (c) RATIO OF WEIGHTS
Tmax
O e vy W _ Awe _ 3=
2 Wsolid Asolid dz
r
b= manl Wyre (100 mm)® — (80 mm)?
o Wera (83.9 mm)> -0t
2(50 MPa) (2.5 m)
= = 0.08929 rad ) ) .
(28 GPa) (100 mm) The weight of the tube is 51% of the weight of the
g g
b =5.12° , solid shaft, but they resist the same torque.
(b) DIAMETER OF A SOLID SHAFT
T ax 18 the same as for tube.
Torque is the same.
21P7max

For the tube: T =
2

e
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Problem 3.3-17 A circular tube of inner radius r, and outer radius r,
is subjected to a torque produced by forces P = 900 Ib (see figure). The

forces have their lines of action at a distance » = 5.5 in. from the outside
of the tube.
If the allowable shear stress in the tube is 6300 psi and the inner @

radius r; = 1.2 in., what is the minimum permissible outer radius r,?

2r)
Solution 3.3-17 Circular tube in torsion
P SOLUTION OF EQUATION
. UNITS: Pounds, Inches
Substitute numerical values:
P
= 4900 1b)(5.5 in. + r,) (1)
h—b bJ 6300 psi = )2
2 P ) — (12in)"]
P =900 1b or
b=55in. s —2.07360
—F—0.181891 =0
Toitow = 6300 psi ry(r; +35.5)
r,=12in. o

4_ 2 _ _ _
Find minimum permissible radius r, r,~ 0181891 r; —1.000402 r, =2.07360 = 0

Solve numerically:
TORSION FORMULA

r, = 1.3988 in.
T =2P(b+r,)
- MINIMUM PERMISSIBLE RADIUS
_ T4 4

Ip=7(n=r) r,=140in. <«—

Try 2P(b+ry)r, 4P(b+ry)r,
Tmax =, T a2 a4y 4_ 1

Ip 2(r; — 1Y) (r; = r7)

All terms in this equation are known except r,.
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Nonuniform Torsion
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Nonuniform Torsion

Problem 3.4-1 A stepped shaft ABC consisting of two solid T
circular segments is subjected to torques 7, and 7, acting in ‘ l d; i d T,
opposite directions, as shown in the figure. The larger segment - 2 ,
of the shaft has diameter ¢, = 2.25 in. and length L, = 30 in.; v 3
the smaller segment has diameter ¢, = 1.75 in. and length A T B T
L, = 20 in. The material is steel with shear modulus ‘ ‘
G = 11 X 10° psi, and the torques are T, = 20,000 Ib-in. | L | L, |
and T, = 8,000 Ib-in.
Calculate the following quantities: (a) the maximum shear
stress 7, in the shaft, and (b) the angle of twist ¢ . (in degrees)
atend C.
Solution 3.4-1 Stepped shaft
n SEGMENT BC
‘ ldl ldz P _ _ .
7 :) Ty = +T, = 8,000 Ib-in.
S 16 Te  16(8,000 1b-in.)
L B L C = = = 7602 psi
A It = TRETTISR T w1750 Pt
B Tgel, (8,000 Ib-in.)(20 in.)
d, =225in. L, =30in. BC ™ (] -
: , b Uplse (115 108 psi)<1>(1.75 in.)*
d, =175 in. L,=20in. 32
G = 11 X 10° psi = +0.015797 rad
T, = 20,000 To-in. (a) MAXIMUM SHEAR STRESS
T, = 8,000 Ib-in. Segment BC has the maximum stress
SEGMENT AB Tmax = 1000 psi «—

T, =T,—T, = —12,000 Ib-in.
16 Ty | 16(12,000 Ib-in.)

(b) ANGLE OF TWIST AT END C

Tap = ‘ : 70— 5365 psi b= b,y + g = (—0.013007 + 0.015797) rad
d; 7(2.25 in.)
de=0.002790 rad =0.16° «—
brs = TysL,  (—12,000 Ib-in.)(30 in.)
G ap

T
X 10% psi){ — }(2.25 in.)*
(11 X 10 p51)<32>(2 251in.)

= —0.013007 rad
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Problem 3.4-2 A circular tube of outer diameter d; = 70 mm and
inner diameter d, = 60 mm is welded at the right-hand end to a fixed
plate and at the left-hand end to a rigid end plate (see figure). A solid
circular bar of diameter ¢, = 40 mm is inside of, and concentric with, End
the tube. The bar passes through a hole in the fixed plate and is plate
welded to the rigid end plate.
The bar is 1.0 m long and the tube is half as long as the bar. A
torque 7 = 1000 N-m acts at end A of the bar. Also, both the bar
and tube are made of an aluminum alloy with shear modulus of
elasticity G = 27 GPa.

(a) Determine the maximum shear stresses in both the bar and
tube.
(b) Determine the angle of twist (in degrees) at end A of the bar.

TORQUE
T=1000N -m

(a) MAXIMUM SHEAR STRESSES

16T
Bar: 7, = —>=79.6 MPa <—
T d;
T(dy2)
Tube: Type = =323MPa <«—
(Ip)tube
TUBE (b) ANGLE OF TWIST AT END A

d, =70 mm d, = 60 mm
L. =05m G = 27 GPa

tube

TL
Bar: ¢y = — 2 = 0.1474 rad
G(Ip)bar

TL e
Tube: byp, = =~ = 0.0171 rad
e G(Ip)tube

by = by + bpe = 0.1474 + 0.0171 = 0.1645 rad

a
() wbe = §(d§ —d3)

= 1.0848 X 10° mm*
BAR by =943 <«

d=40mm L,_=10m G=27GPa

wd}

5 =251.3 X 10> mm*

() bar =




Problem 3.4-3 A stepped shaft ABCD consisting of solid circular
segments is subjected to three torques, as shown in the figure. The
torques have magnitudes 12.0 k-in., 9.0 k-in., and 9.0 k-in. The
length of each segment is 24 in. and the diameters of the segments
are 3.0 in., 2.5 in., and 2.0 in. The material is steel with shear
modulus of elasticity G = 11.6 X 103 ksi.

(a) Calculate the maximum shear stress 7, in the shaft.

SECTION 3.4 Nonuniform Torsion

12.0 k-in.

|25 in. \

9.0 k-in.
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9.0 k-in.

2.0 in. \

(b) Calculate the angle of twist ¢,, (in degrees) at end D. ‘
Solution 3.4-3 Stepped shaft
‘2{) k-in. 9.0 k-in. 9.0 k-in. (2) SHEAR STRESSES
Typrap .
T —— = 5660 psi
ST P
Tyer
e = =€ = 5870 psi
. (Ip)BC
G =11.6 X 103 ksi .
cp’ep .
= i =——=15730
r,p = 1.51n. Tcp )e pst
rge = 1.25in.  ro, = 1.0/in. 7. = 5870 psi
L,y =Lg-= L., =24in.
(b) ANGLE OF TWIST AT END D
TORQUES
TABLAB
_ _ . bupg=———=0.007805 rad
T,z =12.0+9.0+ 9.0 =30k-in. G g
T,.=9.0+ 9.0 = 18 k-in. Ty L
Be bpe = 25 = 0.009711 rad
Tep = 9.0 kein. Gp)se
_ TepLep .
POLAR MOMENTS OF INERTIA bep=——"—""=0.011853 rad

(I)as = 312 (3.0in.)* = 7.952 in.*

G(,)cp

bp=168

(L)pe= 312 (2.5 in.)* = 3.835 in.*

U)ep = % (2.0 in.)* = 1.571 in.*

bp=bsp T bpe T bp = 0.02937 rad
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Problem 3.4-4 A solid circular bar ABC consists of two segments,

CHAPTER 3 Torsion

as shown in the figure. One segment has diameter d; = 50 mm and 14 ldz
length L, = 1.25 m; the other segment has diameter d, = 40 mm T ( } r
and length L, = 1.0 m. Foc
What is the allowable torque 7., if the shear stress is not to A f B ‘
exceed 30 MPa and the angle of twist between the ends of the bar ‘ L, ‘ L, |
is not to exceed 1.5°? (Assume G = 80 GPa.)
Solutions 3.4-4 Bar consisting of two segments
dy =50 mm d, =40 mm
T ( : T
A L= B L,=10m €
Li=125m 2
Tolow = 30 MPa ALLOWABLE TORQUE BASED UPON ANGLE OF TWIST
Diow = 1.5°=0.02618 rad . E TL, TL, TL, T <Ll N L2>
G = 80 GPa Gl Glpy  Glpy G\Ip  Ip
LLOWABLE TORQUE BASED UPON SHEAR STRESS G \at &
Segment BC has the smaller diameter and hence the 7o G
larger stress. Thow = — = — 348 N+-m
16T 71-d%rallow 32 <E + ?)
Tmax — _ 3 allow — 12 3.77TN-m ! 2
wd 16
ANGLE OF TWIST GOVERNS
Tallow = 348 N °m <«
Problem 3.4-5 A hollow tube ABCDE constructed of - - - - T
. . . . . . . 1 = 2 = 3 = 4 = 5 =
monel metal is subjected to flV.e torques acting in the directions 1000 Ibuin. 500 Ib-in. 800 Ib-in. 500 Ib-in. 800 Ib-in.
shown in the figure. The magnitudes of the torques are
T, = 1000 Ib-in., T, = T, = 500 Ib-in., and T; = T = 800 Ib-in. i
The tube has an outside diameter d, = 1.0 in. The allowable ¢ A # ! 0
shear stress is 12,000 psi and the allowable rate of twist is A %—/ \CJ I U

2.0°/t.

Determine the maximum permissible inside diameter d,

of the tube.




Solution 3.4-5 Hollow tube of monel metal

dy

= 12,000 psi

d,=10in. 7,
0 10w = 2°/ft = 0.16667°/in.
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REQUIRED POLAR MOMENT OF INERTIA BASED UPON

ALLOWABLE SHEAR STRESS
_ Tmaxr _ Tmax(dZ/z)

Tmax — IF -

1 P T allow

=0.05417 in.*

REQUIRED POLAR MOMENT OF INERTIA BASED UPON

= 0.002909 rad/in. ALLOWABLE ANGLE OF TWIST
From Table H-2, Appendix H: G = 9500 ksi Tinax T nax o
0= Ip=———=0.04704 in.
GIP Geallow
TORQUES
SHEAR STRESS GOVERNS
T, T, Ty T, Ts . _ .
p y y - D Required 1, = 0.05417 in.
A B C D E o
Ip = 3 (di — df)
T, = 1000 Ib-in. T}, = 500 Ib-in. 75 = 800 Ib-in.
3 4
T, = 500 Ib-in. T, = 800 Ib-in. dh=ai— 2 (1 iyt - 320054 T in)
‘ T T
INTERNAL TORQUES = 0.4482 in.*
T,; = — T, = — 1000 Ib-in. d,=0.818in. <«—
Tye=—T,+T,= —500Ilb-in. (Maximum permissible inside diameter)
Top=—T, +T,—T,= — 1300 Ib-in.
Tpp=—T,+T,—T,+ T, = — 800 Ib-in.

Largest torque (absolute value only):

T, .. = 1300 Ib-in.

Problem 3.4-6 A shaft of solid circular cross section consisting of two |80 mm ¢60 mm

segments is shown in the first part of the figure. The left-hand segment ( ( )

has diameter 80 mm and length 1.2 m; the right-hand segment has f

diameter 60 mm and length 0.9 m. | f | *J
Shown in the second part of the figure is a hollow shaft made of the ‘ 12m ‘ 0.9m

same material and having the same length. The thickness ¢ of the hollow ld t= 1%

shaft is d/10, where d is the outer diameter. Both shafts are subjected to
the same torque. <

If the hollow shaft is to have the same torsional stiffness as the solid
shaft, what should be its outer diameter d? ‘r 21m >
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Solution 3.4-6 Solid and hollow shafts

SOLID SHAFT CONSISTING OF TWO SEGMENTS

( ( )
oL oom

TL,  T(12m)
Glp;

7(0.9 m)

G <312>(80 mm)* G (312)(60 mm)?*

b =2

32T 3 3
=—(29297 m° + 69,444 m ")
G

32T 3
=—=98,741 m°)
TG
HoLLOW SHAFT

| d = outer diameter

| ! 21m |
d, = inner diameter = 0.8d
TL 7(2.1 m)
b,

K G (%)[d“ — (0.84)*]

_ﬁ( 2.1m )_&T<3.5569m>
7G\0.5904 d*) @G\ d*

UNITS: d = meters

TORSIONAL STIFFNESS

kT:

Torque T is the same for both shafts.

.". For equal stiffnesses, ¢, = ¢,

98,741 m—3 — w
d
3.5569
d*= =36.023 X 10" °* m*
98,741

d=0.0775m =775 mm <—

Problem 3.4-7 Four gears are attached to a circular shaft and transmit
the torques shown in the figure. The allowable shear stress in the shaft is

10,000 psi.

(a) What is the required diameter d of the shaft if it has a
solid cross section?

(b) What is the required outside diameter d if the shaft is
hollow with an inside diameter of 1.0 in.?

8,000 Ib-in.
- 19,000 Ib-in.
g

I

7’ ¢ .
‘ 4,000 Ib-in.
’7

,5‘7’7\7‘
B
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Solutions 3.4-7 Shaft with four gears

(b) HOLLOW SHAFT
19,000 Ib-in. __ 4,000 Ib-in. 7,000 Ib-in.

8,000 Ib-in. Inside diameter d;, = 1.0 in.
@ C C —0 d
A B C D Tmax<7>
Tr 2
Tmax — 5 Tallow —
1, I,
Tallow 10,000 pSi TBC = +11,000 Ib-in. p
T,y = —8000Ib-in. T, = +7000 Ib-in. (11,000 lb-in-)<5>
10,000 psi =
T \r 4 L4
(a) SOLID SHAFT <32>[d (1.0 in.)*]
16T .
Tmax = _ 3 UNiITS: d = inches
Trd
. 56,023 d
16T« 16(11,000 Ib-in. . _2%Yel @
&= - ) 5,602 in. 10,000 ==

 TTaew (10,000 psi)

Required d = 1.78 in. «—

or
d,—56023d—-1=0
Solving, d = 1.832

Required d = 1.83 in. «—

Problem 3.4-8 A tapered bar AB of solid circular cross section
is twisted by torques T (see figure). The diameter of the bar varies
linearly from d, at the left-hand end to d,, at the right-hand end. ‘

For what ratio d/d, will the angle of twist of the tapered bar L ﬂ‘

be one-half the angle of twist of a prismatic bar of diameter d,? -
(The prismatic bar is made of the same material, has the same length, 4
and is subjected to the same torque as the tapered bar.) Hint: Use the OJA B

results of Example 3-5. Problems 3.4-9, 3.2-4, and 3.4-10

Solution 3.4-8 Tapered bar AB

B
O_ S+ O
H‘“’A‘H ‘ \ } }
f L | dB

ANGLE OF TWIST

TAPERED BAR (From Eq. 3-27)

O TL /BZ+B+1> _dy 1 ,32+/3+1_
CGUp,\ 3B - d, -

ol

PRISMATIC BAR

_TL
G(Ip)a

¢

or 38 —282—28-

SOLVE NUMERICALLY:

dg
B=-"L=145
da




